Let K be a quasidisk on the complex plane. We construct a sequence of monic polynomials p n = p n (·, K) with zeros on K such that ||p n || K ≤ O(1)cap(K) n as n → ∞.
Introduction and Main Result
Let K ⊂ C be a continuum, i.e., a compact set in the complex plane C with a simply connected complement Ω := C \ K , where C := C ∪ {∞}. We assume that cap(K) > 0 , where cap(S) denotes the logarithmic capacity of a compact set S ⊂ C (see [9, 10] ). Let M n be the class of all monic polynomials of degree n ∈ N := {1, 2, . . .} . Denote by τ n (z) = τ n (z, K), n ∈ N the nth Chebyshev polynomial (associated with K ), i.e., τ n ∈ M n is the (unique) polynomial which minimizes the uniform norm ||τ n || K := sup z∈K |τ n (z)| among all monic polynomials of the same degree. Letτ n (z) =τ n (z, K) be the n -th Chebyshev polynomial with zeros on K (see [9, p. 155] and [ 
12, Chapter 1, §3]).
It is well-known (see, for example, [ 
be the Widom factors. The estimate of w n (K) from above has attracted considerable attention. For the complete survey of results concerning this problem and further citations, see [5] , [12] - [17] , [3] . At the same time,τ n and their zeros play significant role in interpolation theory (cf. [12, Chapter 1, §3]).
Recently, Simon [11] asked the question whether the closed domain K bounded by the Koch snowflake obeys a Totik-Widom bound, i.e.,
To answer this question, we will consider the case where K = G is the closure of a Jordan domain G bounded by a quasiconformal curve L := ∂G (a quasidisk for short), see [1] or [6] . Note that by the Ahlfors criterion (see [8, p . 100]) the Koch snowflake is quasiconformal.
Theorem. Let K be a quasidisk. Then
In particular, any quasidisk obeys the Totik-Widom bound (1.1), see also [3, Theorem 2] where quite different method for the estimate of w n (K) is used.
Auxiliary Constructions
Till the end of this section K is a continuum with cap(K) > 0 . Below we use the notation
Let Φ : Ω → D * be the Riemann conformal mapping normalized by the conditions
Ψ := Φ −1 , and let
For 0 < s < 1 , denote by µ s the equilibrium measure for K s (see [9] , [10] ).
. For an arbitrary (but fixed) q ∈ N \ {1} and
consider the system of equations (with respect to
We interpret r k = r k (I, q) as the roots of the polynomial z q + a q−1 z q−1 + . . . + a 0 whose coefficients satisfy Newton's identities (see, for example [7] )
(the proof is by induction on l ).
Indeed, supposing contrary to our claim that |r k | > 2qd and using (2.3) we get the contradiction
For m ∈ N \ {1} , 0 < s < 1 , and j = 1, . . . , m , consider
. Let ⌊x⌋ denote the integer part of x ∈ R and let |S| be the linear measure (length) of a (Borel) set S ⊂ C . Lemma 1 For s = cq/m , where c = 480π, m, q ∈ N, m > m 0 := ⌊cq⌋ + 1 and j = 1, . . . , m , we have
Proof. By [4, p. 23, Lemma 2.3], which is an immediate consequence of Koebe's one-quarter theorem, for τ ∈ D * \ {∞} and ζ := Ψ(τ ) we have 
by (2.7) we obtain for ξ = Ψ(τ )
Therefore, by virtue of (2.6), we have
which implies the last inequality in (2.5).
The first inequality in (2.5) follows immediately from (2.7) as follows
.
✷
Lemma 2 For any m, q ∈ N, m > cq , where c = 480π , and n = qm there exists a polynomial p n ∈ M n with all zeros in the interior of K 5cq/m such that
where c j = c j (q) > 0 , j=1,2.
Proof. We construct the points ζ k j , j = 1, . . . , m, k = 1, . . . , q as follows. For l = 1, . . . , q , let
The system q k=1 r l j,k = qm j,l has solutions r j,k satisfying, according to (2.4), the inequality
Let ζ k j := ξ j + r j,k . Since by virtue of (2.5) and (2.9) |ζ 
Next, by virtue of Lemma 1, (2.9), and Taylor's Theorem [2, pp. 125-126] for ξ ∈ I j and z ∈ ∂K ,
where
Since cap(K s ) = (1 + s)cap(K) and
applying (2.10) and (2.11) we obtain
Furthermore, since by Lemma 1
, where c 4 = c 4 (q) , we obtain (2.8).

Proof of Theorem
Let Q > 1 be the coefficient of quasiconformality of L , i.e., L is the image of the unit circle under some Q -quasiconformal mapping F : C → C . Denote by c 5 , c 6 , . . . positive constants that either are absolute, or depend on Q only. According to [1, Chapter IV] the Riemann mapping function Φ can be extended to a Q 2 -quasiconformal homeomorphism Φ : C → C .
For ζ ∈ Ω denote by ζ K := Ψ(Φ(ζ)/|Φ(ζ)|) the "projection" of ζ to K . As an immediate application of [4, p. 29 
Hence, according to (2.6) for z ∈ L, w = Φ(z) , and 0 < s < 1 we obtain
Therefore, if we let in (2.8) q := ⌊2Q 2 ⌋ then for any n of the form n = mq with sufficiently large m > m 0 (Q) we have the polynomial p n (·, K) ∈ M n with zeros in the interior of K c 7 /n such that
Next, we introduce auxiliary families of quasiconformal curves and mappings as follows. Note that each curve Let c 10 := c 7 c 9 , K n := C \ Ω * c 10 /n , n = mq > 2c 10 . Consider polynomial p n (·, K n ) ∈ M n constructed as above only using K n instead of K . Since for ζ ∈ L , |Φ c 10 /n (ζ)| − 1 ≥ c 10 c 9 n = c 7 n , all zeros of p n (·, K n ) belong to K . Moreover, by the Bernstein-Walsh Lemma (see [10, p. 153] or [9, p. 156] ) as well as (2.8) and (3.1) we have ||p n (·, K n )|| K ≤ 1 + c 9 c 10 n n ||p n (·, K n )|| Kn ≤ c 11 cap(K) n , which implies (1.2) for n = mq with m > c 12 .
For an arbitrary n ∈ N (1.2) follows from this particular case and an obvious inequalityw n+m (K) ≤w n (K)w m (K), n, m ∈ N.
✷
